Based on the contributions of the chromatic sextupole families to the half-integer resonance driving terms, we discuss how to sort the chromatic sextupoles in the arcs of the Relativistic Heavy Ion Collider (RHIC) to easily and effectively correct the second order chromaticities. We propose a method with 4 knobs corresponding to 4 pairs of chromatic sextupole families to online correct the second order chromaticities. Numerical simulation justifies this method, showing that this method reduces the unbalance in the correction strengths of sextupole families and avoids the reversal of sextupole polarities. Therefore, this method yields larger dynamic apertures for the proposed RHIC 2009 100GeV polarized proton run lattices.
Introduction
There are 144 chromatic sextupoles in the 6 arcs in each ring of the Relativistic Heavy Ion Collider (RHIC). Before 2007, there were 12 power supplies for them in each ring. In each arc there are two independent power supplies, one for all focusing sextupoles (SFs) and one for all defocusing sextupoles (SDs). In the RHIC operation before 2007, a 2-family chromaticity correction scheme was used. The 2-family correction scheme can only correct the first order chromaticities.
During the Summer shutdown of RHIC 2006, the number of the power supplies for the arc chromatic sextupoles were doubled from 12 to 24 to allow the correction of the second order chromaticities. For the RHIC polarized proton (pp) runs, the second order chromaticity correction turns out to be important with the increased bunch intensity and reduced β * at the interaction points (IPs) [1] . After doubling the power supplies, in each arc there now are power supplies for the SF sextupoles and two for the SD sextupoles. The SF and SD sextupoles in each arc are split into two SF and two SD sub-families. The chromatic sextupoles in the 3 outer arcs are sorted as 6*(SFPO, SDMO, SFMO, SDMO), while the chromatic sextupoles in the 3 inner arcs are sorted as 6*(SFPI, SDMI, SFMI, SDMI) [2] . For each sextupole family of SFPO, SDMO, SFMO, SDMO, SFPI, SDMI, SFMI, SDMI, there actually are three independent power supplies, although they are always powered with same strengths in the RHIC control system.
In this article, we first review the periodic optics parameters at all chromatic sextupoles in the RHIC rings. Then we show that both first order off-momentum β-beats and second order chromaticities are related to the half-integer resonance driving terms (RDTs). Based on the contributions from each sextupole family to the half-integer RDTs, we propose a method with 4-knobs corresponding to 4-pairs of chromatic sextupole families to correct online the second order chromaticities. We carried out numerical simulations to verify this method. From them we show that the 4-knob method does reduce the unbalance in the correction strengths among the sextupole families, and avoids the reversal of sextupole polarities. Therefore, this method yields larger dynamic apertures for the proposed RHIC 2009 100 GeV pp run lattices.
Optics parameters at chromatic sextupoles
In this section we discuss the optics parameters at all chromatic sextupoles in the RHIC adopting the proposed Blue ring lattice for the 2009 RHIC 100 GeV pp run. For this calculation, the β * functions at IP6 and IP8 are set to 0.7 m, the β functions at the other RHIC symmetric points IP10, IP12, IP2, and IP4 are set to 5 m. The proton beams from the Blue and Yellow rings collide at IP6 and IP8. The working point without collision is set to (28.685, 29.695). We corrected the first order chromaticities to 1 unit with the 2-family scheme. With this scheme, all SF sextupoles and all SD sextupoles have the same strengths.
There are 11 FODO cells in each arc. The SF and SD chromatic sextupoles are located next to the focusing and the defocusing main quadrupoles, respectively. Fig. 1 shows the horizontal dispersions at all 
Perturbation theory
Here we show that the first order off-momentum β-beat and second order chromaticities both are closely related to the half-integer resonance driving terms.
First order chromaticities
From the first order perturbation theory, the horizontal and vertical tune shifts ∆Q x,y from small gradient errors in the ring are given by
Here β x,y (s) are the unperturbed β functions at location s, and ∆k 1 (s) is the gradient error at location s.
The integral is performed all along the ring. For a particle with a relative momentum deviation δ, Vertical phase advance at chromatic sextupoles where
∂x n | x=y=0 , and K 1,2 are the quadrupole and sextupole strengths respectively. D x (s) is the horizontal dispersion at location s. Integrating Eq. (2) into Eq. (1), we obtain the first order chromaticities ξ
First order β-beat
Also following the first order perturbation theory, the changes in β functions due to small gradient errors are given by
Plugging Eq. (2) into Eq. (4), we obtain the first order off-momentum β-beat
Second order chromaticities
The second order chromaticities can be calculated following [3] ξ (2)
Plugging Eq. (3) into Eq. (6), and considering the changes of magnetic strengths, β functions and dispersion due to the relative momentum deviation δ, we obtain
x ds.
Here,
is the off-momentum β-beat given by Eq. (5), D
x is the second order horizontal dispersion function, and D
The first term in Eq. (7) comes from the changes of magnetic strengths for off-momentum particles, which is smaller than the other terms and can be ignored for most of the time. The second term in Eq. (7) arises from the first order off-momentum β-beat. The third term of Eq. (7) comes from the second order dispersion.
Half-integer RDTs
From Eq. (4), the first order off-momentum β-beat is determined by the half-integer RDTs. It will be enhanced when the unperturbed tunes are close to half integer resonance. The horizontal half-integer RDT is defined as
The vertical half-integer RDT is defined as
In Eq. (8) and (9) we used summations rather than integrals. The half-integer RDTs h 20001 and h 00201 are defined at the starting point of the lattice. In our following discussion, the starting point of the lattice is IP6.
Half-integer RDTs h 20001 and h 00201 will cause 2Q x and 2Q y betatron resonances respectively. From Eq. (2) and Eq. (7), the first order off-momentum β-beats and the second order chromaticities both are closely related to the half-integer RDTs h 20001 and h 00201 .
Calculating half-integer RDTs
In this section we will calculate the contributions to the half-integer RDTs from the chromatic sextupoles and sort them into several families for easy and effective half-integer RDT minimization. In the calculations, we assumed that the integrated strengths of individual sextupoles are (K 2 L) = 1 m −2 . The residual halfinteger RDTs from the quadrupole magnets and the sextupole field errors in the interaction regions are not calculated. Considering that the half-integer RDTs are complex, in the following we show both the real and imaginary parts of the horizontal and vertical half-integer RDTs for each case. Further, we use the Blue ring lattice proposed for 2009 RHIC 100 GeV polarized proton run.
Contributions from the SF sextupoles in the first arc
As an example, we first check the contributions from the focusing chromatic sextupoles in the first outer arc from IP6 to IP8. The contributions from the defocusing chromatic sextupoles in this arc, or the focusing or defocusing chromatic sextupoles in other arcs can be calculated in the same way.
The SF sextupoles between IP6 and IP8 were sorted as 6*(SFPO, SFMO) in the RHIC control system. Fig. 4 shows the contributions of the 12 focusing chromatic sextupoles to the horizontal and vertical halfinteger RDTs. The left plot of Fig. 4 shows their contributions to the horizontal RDT, and the right plot of Fig. 4 shows their contributions to the vertical RDT.
From Fig. 4 , according to their contributions to the half-integer RDTs, the 12 focusing chromatic sextupoles in the first arc clearly can be sorted into two groups, that is, SFPO and SFMO. The contributions from the 6 individual sextupoles in each group of SFPO or SFMO have similar contribution amplitudes and angles to the half-integer RDTs.
Also from Fig. 4 , we note that the contributions to the horizontal or the vertical half-integer RDT from the SFPO and SFDO sextupoles in this arc are almost 180 degree apart. Therefore, if the SFPO and SFDO are powered with the same strengths, their contributions to the half-integer RDTs will cancel. However, if the SFPO and SFDO are powered with opposite strengths, they will give net contributions to the half-integer RDTs.
Contributions from 24 sub-families
There are 24 independent power supplies to power all the 144 chromatic sextupoles in each RHIC ring. Here we evaluate the contributions from all of the 24 sub-families to the half-integer RDTs. In the RHIC control system, the chromatic sextupoles in all 3 outer arcs have the same powering pattern 6*(SFPO, SDMO, SFMO, SDMO), while the chromatic sextupoles in all 3 inner arcs have the same powering pattern 6*(SFPI, SDMI, SFMI, SDMI). Here we don't change the names of the 24 sub-families, but we note that there are 3 sub-families ( or 3 independent power supplies ) for each family of SFPO, SDMO, SFMO, SDMO,SFPI, SDMI, SFMI and SDMI . 5 shows the contributions of all the SF sub-families to the half-integer RDTs. Fig. 6 shows the contributions of all SD sub-families to the half-integer RDTs. In Fig. 5 and Fig. 6 , the left side plot shows their contributions to the horizontal half-integer RDT and the right side plot shows their contributions to the vertical half-integer RDT.
From Fig. 5 and Fig. 6 , the SF sub-families have larger contributions to the horizontal half-integer RDT and have smaller contributions to the vertical half-integer RDT. The SD sub-families have smaller contributions to the horizontal half-integer RDT and have larger contributions to the vertical half-integer RDT. Fig. 5 and Fig. 6 also show that there are partial cancellations in the 3 sub-families among each family of SFPO, SFMO, SFPI, SFMI, SDPO, SDMO, SDPI, and SDMI. This is caused by the 3-folding symmetric RHIC ring lattice and the ring working point (28.685, 29.695). For example, the contribution angles to the horizontal half-integer RDT from the same name sextupole sub-families in the adjacent outer or inner arcs are separated by 28.685 × 2π × 2/3 = 38.2467π, or about 45
• .
Contributions from 8 families
In the RHIC control system, the above 24 sub-families haves been further broken down into 8 families. All the outer or the inner arcs have the same chromatic sextupole powering patterns. Ignoring the cancellations in each family, Fig. 7 shows the contributions from the 8 sextupole families to the half-integer RDTs. The left plot shows their contributions to the horizontal half-integer RDT and the right plot shows their contributions to the vertical half-integer RDT. Previously, we used 8 families or 8 variables to minimize the second and the third order chromaticities and the first order off-momentum β-beats at IP6 with the Harmon module in the MAD8 [4, 5, 6] . Harmon uses methods of general multi-dimensional nonlinear optimization to reduce the overall error function χ 2 . Most of the time, the Harmon module gives very good corrections and the second order chromaticities normally are less than 50 units after corrections. However, we notice that the Harmon module some time fails to avoid the reversal of polarity of sextupole families, and introduces a large unbalance in the correction strengths among the 8 families for the low β * RHIC 2009 run pp lattices.
4 knobs to minimize half-integer RDTs
From Fig. 8 , we clearly see the opposite contributions to the half-integer RDTs from the 2 families in each pairs (SFPO and SFMO), (SDPO and SDMO), (SFPI and SFMI), and (SDPI and SDMI). For example, for the pair of (SFPO and SFMO), if the SFPO and SFMO families are powered with the same strength their contributions to the half-integer RDTs will cancel. However, if the SFPO and SFMO families are powered oppositely with the same absolute strength, they will give net contributions to the half-integer RDTs. As seen in Fig. 8 , the two pairs (SFPO and SFMO) and (SFPI and SFMI) have larger contributions to the horizontal half-integer RDT, while the two pairs (SDPO and SDMO) and (SDPI and SDMI) have larger contributions to the vertical half-integer RDT. Therefore, adjusting the pair of (SFPO and SFMO) or of (SFPI and SFMI) mostly will affect the the horizontal second order chromaticity and the first order horizontal off-momentum β-beat, while adjusting the pair of (SDPO and SDMO) or of (SDPI and SDMI) mostly will affect the vertical second order chromaticity and the vertical first order vertical off-momentum β-beat. Fig. 8 also reveals that the contributions from the 2 pairs of (SFPO and SFMO) and (SFPI and SFMI), or from the 2 pairs of (SDPO and SDMO) and (SDPI and SDMI) are not orthogonal. This is caused by the 3-folding symmetric RHIC ring lattice and the working point.
In summary, there are 4 knobs corresponding to 4 pairs of chromatic sextupole families to easily and effectively minimize half-integer RDTs to correct the second order chromaticities in the RHIC. The 4 knobs are the 4 pairs of chromatic sextupole families (SFPO and SFMO), (SFPI and SFMI) (SDPO and SDMO), and (SDPI and SDMI). In each correction step, we adjust the two families of one pair with same amount of absolute strength but with opposite signs.
This method was tested in the 2007 RHIC beam experiment session. It is now being implemented in the RHIC online control system. The 4-knob method is easy and effective to correct the second order chromaticities on line where the residual half-integer RDTs normally are unknown. In each step of knobbing, the second order chromaticities can be used as the criterion to determine the effects of the correction strengths that we put in. The second order chromaticities are determined by a tune measurement after shifting the RF frequency in the RHIC. Another advantage of the 4-knob method is that it does not change the first order chromaticities during the corrections of second order chromaticities.
5 Offline simulation of ξ (2) x,y correction
In this section, we numerically simulate the second order chromaticity correction with the above 4-knob method, using the Blue ring lattice proposed for 2009 RHIC 100 GeV polarized proton run. Before correction, the first order chromaticities are corrected with the 2-family scheme to 1 unit. Table 1 shows the chromaticities and correction strengths with this 2-family correction scheme. The unit of the sextupole strengths is m −3 . On top of the 2-family scheme correction, we use the above 4 knobs to adjust the second order chromaticities. In each step, we knob the two families of one pair with a same amount of absolute strength but with opposite signs, that is, we increase the strengths of one family and decrease the strength of another family by the same amount. The second order chromaticities are used as the criterion to determine the effect of the correction strengths we put in.
With the proposed RHIC run09 100 GeV polarized proton lattice with β * = 0.7 m, we find that the pair (SFPI and SFMI) will significantly affect the horizontal second order chromatiicty while the pair (SDPO and SDMO) will significantly affect the vertical second order chromaticity. After a few of iterations, we easily find the correction strengths of the 8 sextupole families to reduce the second order chromaticities to below 500. Fig. 9 shows the off-momentum tunes before and after such correction with the 4-knob method. Fig. 10 shows the off-momentum β-beat in the first 200 m from IP6 before and after the second order chromaticity correction. From Fig. 10 , we note that the first order off-momentum β-beats also are reduced after the second order chromaticities are corrected. Table 2 shows the required sextupole correction strengths from the Harmon module and from the 4-knob method. The unit of the sextupole strengths is m −3 . Three proposed Blue ring lattices with β * =0.9 m, 0.7 m, 0.5 m for the RHIC 2009 100 GeV polarized proton run are used. From Table 2 , the Harmon module gives much smaller second order chromaticties than does the 4-knob method. With the latter, we normally stop correction iterations after the second order chromaticities are below 500. For the RHIC operation ξ (2) x,y below 500 are acceptable. Table 2 shows that the correction strengths from the Harmon module are bigger than that from 4-knob method. The correction strengths from the Harmon module have a big unbalance among the 8 sextupoles families. For example, for the β * = 0.5 m lattice, the biggest and the smallest required correction strengths of sextupole families from the Harmon correction respectively are 1.96 m −3 and 0.08 m −3 . While with the 4-knob method, the biggest and the smallest required correction strengths are 1.12 m −3 and 0.31 m −3 . As seen in Table 2 , SDPO is required to change polarity with Harmon optimization. However, all power supplies of RHIC chromatic sextupoles are monopoles. Table 3 shows the calculated 10 6 turn dynamic apertures with the second order chromaticity corrections with the Harmon module and the 4-knob method. The non-collisional working point is (28.685, 29.695). The bunch intensity is set to 1. dβ x /dδ without ξ (2) correction dβ y /dδ without ξ (2) correction dβ x /dδ with ξ (2) correction dβ y /dδ with ξ (2) correction
Figure 9: Off-momentum dβ/dδ before and after ξ (2) correction.
reveals that the correction strengths from the 4-knob method gives higher dynamic apertures than those from the Harmon module for all three lattices with β * = 0.9 m, 0.7 m,. 0.5 m. Thus, although the 4-knob method does not correct the second order chromaticities to values as close to zero as the Harmon module, it does lessen the unbalance in the correction strengths among the sextupole families, and avoids reversing the polarities of the sextupoles. Therefore, it yields larger dynamic apertures than that with the Harmon correction strengths. The 4-knob method is readily implemented and used for the online second order chromaticities in the RHIC polarized proton run even though the online lattice model does not reproduce the actual one well. 
Conclusion
Based on the contributions of the chromatic sextupole families to the half-integer resonance driving terms in the RHIC rings, we sorted the RHIC chromatic sextupoles into 4 pairs or 4 knobs to correct online the second order chromaticties. The 4-knob method was tested in the 2007 RHIC beam experiment session and is being implemented in the RHIC online control system. The method will not change the first order chromaticities during knobbing. It works even if the online RHIC optics model does not closely reproduce the real machine. From our numeric simulations, we verified that the 4-knob method reduces the unbalance in the correction strengths among the sextupole families, and avoids reversing sextupole polarities. Accordingly, it yields larger dynamic apertures for the Blue ring lattices proposed for the RHIC 2009 100GeV polarized proton run.
